The theory of q-lattices represents a natural generalization of the lattice theory. We provide a characterization of fixed points of the socalled M -operators, representing a q-lattice theoretic analogy of closure operators. Based on this characterization, a representation of complete q-lattices as fixed points of M -operators is also presented.
Introduction
Quasiordered sets, or sets endowed with a reflexive and transitive binary relation, represent widely used algebraic structures in mathematics as well as in theoretical computer science. The idea of introducing lattice-like structure on a quasiordered set can be found in [1] , where the so-called q-lattices are introduced. A quasiorder need not be antisymmetric in general. Hence, to avoid ambiguity, some kind of choice function is used in order to define join and meet operation, respectively. Identities characterizing q-lattices are similar to those characterizing lattices. More details on q-lattices can be found e.g. in [2] - [4] and [6] . Consequently, both types of structures have several similar properties in common. One of them is a representation in terms of fixed points of certain operators. In particular, it is the well-known fact that any complete lattice is isomorphic to a closure system, i.e., to the set of fixed points of a closure operator. Also, complete q-lattices admit a similar representation. However, instead of closure operators, the so-called M -operators, introduced in [5] , are used for this purpose.
Our main aim is to provide a characterization of fixed points of M -operators. However, contrary to closure operators, a set fixed points does not determine an M -operator uniquely in general. It enables to find various representations of complete q-lattices by means of M -operators. We present such a representation, different to that given in [5] . It involves different M -operator, which can be in many cases defined on a set of a smaller cardinality than a considered q-lattice has.
Preliminary Notes
In this section we recall some notions related to complete q-lattices and Moperators. First, we provide the definition of a q-lattice. Let (A; Q) be a quasiordered set, E Q = Q ∩ Q −1 be the equivalence relation on the set A induced by the quasiorder Q and ≤ be the partial order relation on the factor set A/E Q given by
A choice function χ : A/E Q → A, i.e., a mapping satisfying χ(X) ∈ X for all X ∈ A/E Q , is called a q-function on A. A triple (A, Q, χ) is called an -quasiordered set (complete -quasiordered set), provided that an infimum inf ≤ H and a supremum sup ≤ H exist for any finite (arbitrary) subset H ⊆ A/E Q . Any -quasiordered set enables to define lattice-like operations on the support set A in the natural way: for x, y ∈ A we put
where, for each a ∈ A the symbol [a] denotes the equivalence class of A/E Q determined by a. Similarly, complete -quasiored sets give rise to infinitary lattice-like operations defined for all subsets H ⊆ A by
Similarly as in the case of lattices, there are two possible definitions of q-lattices, being equivalent each other. The first one defines q-lattices as algebraic structures with two binary operations satisfying certain identities, cf. [1] for more details. However, in this paper we adopt the second one, which defines (complete) q-lattices simply as (complete) -quasiordered sets. Thus, by a (complete) q-lattice we mean any (complete) -quasiordered set. A q-lattice (A, Q, χ) will be simply denoted by A and the derived operations ∧, ∨ will be used in the similar way as in the case of lattices. We note, that
for all a, b ∈ A, gives a transition between the quasiorder Q and derived operations on the q-lattice A.
For a q-lattice A, the range of the mapping χ is referred to as the skeleton of A and it will be denoted by S (A). The skeleton of A can be equivalently characterized as the set of all idempotent elements, i.e., S (A) = {a ∈ A : a ∨ a = a}. Evidently, a q-lattice A is complete if and only if S (A) forms a complete lattice with respect to restricted relation Q ∩ (S (A) × S (A)). The set C ell (a) = {x ∈ A : a = x ∨ x} for a ∈ S (A) is called the cell of a. It is clear that every cell contains the unique skeletal element a. Moreover, the system of all cells forms a partition of a q-lattice A.
The concept of isomorphism between q-lattices can be defined in terms of bijections preserving the operations ∨ and ∧. However, it can be easily seen that this concept can be equivalently defined as follows:
Let (A, Q A , χ A ) and (B, Q B , χ B ) be two -quasiordered sets. We say that A and B are isomorphic, if there is a bijection ϕ :
Consequently, A and B are isomorphic if and only if the following two conditions are fulfilled:
• there is a system of bijections {ϕ a :
An ample source of quasiordered sets represent set systems. Let A be a set, S be a family of subsets of A and M ⊆ A be a fixed subset. Then S together with M -restricted inclusion ⊆ M , defined for X, Y ∈ S by
forms a quasiordered set. In this paper conditions under which such a set system forms a complete q-lattice are studied. We investigate this problem in terms of fixed points of the so-called M -operators, representing a q-lattice analogy of closure operators.
Recall, that by an operator on a set A we mean a mapping C : P(A) → P(A). A subset X ⊆ A is called a fixed point of C if C(X) = X. The set of all fixed points will be denoted by Fix(C).
Finally, we give a definition of an M -operator, cf. [5] . Given a subset M ⊆ A, an operator C * on A with properties
for each X, Y ⊆ A, is called an M -operator on A.
M -closure representation of q-lattices
It is well-known that a family of subsets coincides with a set of fixed points of some closure operator if and only if it forms a closure system, i.e., an intersection closed family. We show that a similar characterization is also possible in connection with M -operators. In particular, for a given set A, and M ⊆ A we discuss conditions under which a family of subsets of A can be characterized as a set of fixed points of some M -operator on A.
Theorem 3.1. Let M ⊆ A = ∅ be sets and S be a family of subsets of A. There exists an M -operator C * on A with S = Fix(C * ) if and only if the family S of subsets fulfills the following condition:
Proof. We show that the set Fix(C * ) satisfies the condition (1). We will distinguish two cases: either the index set I is empty or I = ∅. In the first case, by definition ∅ = A, hence it suffices to show that M ∈ Fix(C * ). According to condition (MC1) C * (M ) ⊆ M , while (MC2) implies M ⊆ C * (M ). Consequently, M is a fixed point of C * . Further, assume that {X i : i ∈ I} ⊆ Fix(C * ) is a non-empty family of subsets. By (MC2) we obtain
Conversely, M ∩ i∈I X i ⊆ X i for each i ∈ I and (MC1) and (MC3) yield
Hence we obtain C * M ∩ i∈I X i ⊆ i∈I (M ∩ X i ) = M ∩ i∈I X i , completing the first part of the proof.
In order to prove the opposite direction, suppose that a family S fulfills the conditions (1) of the theorem. Define an operator C * : P(A) → P(A) by stipulating
In successive steps, we verify that the conditions (MC1)-(MC4) are satisfied. Obviously (MC1) holds, since C * (X) M is possible only if X ∈ S. However, for X ⊆ M , X ∈ S we have C * (X) = X ⊆ M . Condition (MC2) follows easily from the fact that X ∩ M ⊆ X ⊆ {S ∈ S : X ⊆ S} for all X ⊆ A.
According to the definition of the operator C * , we obtain C * C * (X) = C * (X) and (MC4) follows trivially.
The following assertion, the proof of which is given in [5] , can be easily deduced from the previous theorem. Proposition 3.2. Let C * be an M -operator on A and {X α : α ∈ Λ} ⊆ Fix(C * ) be a subfamily of C * -closed subsets. The set Fix(C * ) is a complete q-lattice, with operations given by
Similarly as in the case of closure operators and complete lattices, this proposition shows that M -operators give rise to complete q-lattices. In what follows we prove that every complete q-lattice, up to isomorphism, is of this form.
First, we describe a general method for construction of set systems satisfying condition (1) of Theorem 3.1. In particular, using disjoint union of a closure system on M with arbitrary set systems one is able to obtain a desired family of subsets. Lemma 3.3. Let M , B be disjoint sets, M be a closure system on M and B X ⊆ P(B), X ∈ M be a system of families of subsets such that ∅ ∈ B X for each X ∈ M. Then the family of subsets S = {X ∪ Y : X ∈ M, Y ∈ B X } ⊆ P(M ∪ B) satisfies condition (1) of Theorem 3.1.
Proof. Obviously, M ∈ S since M is a closure system on M . Further, let {Z i : i ∈ I} ⊆ S be a non-void subfamily. Then
since M is an intersection closed family on M .
In order to find a representation of complete q-lattices we use the following representation of complete lattices by means of closure operators. Recall, that by a join-dense subset of a complete lattice L we understand any subset J ⊆ L such that each a ∈ L can be expressed as a = J for some J ⊆ J.
Lemma 3.4. Let L be a complete lattice and J ⊆ L be a join-dense subset of L. Define a closure operator C on the set J by C(X) = {y ∈ J : y ≤ X}.
Proof. Obviously, C is extensive and monotone. Since C(X) = {y ∈ J : y ≤ X} ≤ X, it follows that C(C(X)) ⊆ C(X) which proves that C is idempotent as well.
Let a ∈ L be an element. Then {y ∈ J : y ≤ a} = a because the set J is join-dense in L. This yields that the set {y ∈ J : y ≤ a} is closed under the operator C. Conversely, if X ∈ Fix(C), then for a = X we have X = C(X) = {y ∈ J : y ≤ a}. Consequently, the fixed points of C are precisely of the form X = {y ∈ J : y ≤ a} for some a ∈ L.
Again, join-density of J implies a ≤ b if and only if {y ∈ J : y ≤ a} ⊆ {y ∈ J : y ≤ b}. Hence, the correspondence a → {y ∈ J : y ≤ a} establishes an order isomorphism between L and Fix(C).
The closure operator C from Lemma 3.4 corresponding to a complete lattice L will be denoted by C L .
Let A be a complete q-lattice, J and B be disjoint sets such that J is a join-dense subset of S (A) and B is of cardinality κ where
Under this condition, there is a system of injective mappings {ϕ a : C ell (a) → P(B) : a ∈ S (A)}, moreover we can assume that ϕ a (a) = ∅ for each a ∈ S (A). An isomorphism between S (A) and Fix(C S (A) ) is denoted by φ. Define the following system of subsets S = {φ(a ∨ a) ∪ ϕ a∨a (a) : a ∈ A}. Obviously, S with respect to the M -restricted inclusion with M = J forms a complete q-lattice isomorphic to A. According to Lemma 3.3, S fulfills condition (1) of Theorem 3.1. Thus we have shown the following:
Theorem 3.5. The operator C * on J ∪ B defined by (2) is an M -operator for M = J. Moreover Fix(C * ) with the quasiorder ⊆ M forms a complete qlattice isomorphic to A.
In the following example we illustrate such a representation. Example 3.6. Let A = 0, 1 × 0, 1 where 0, 1 is the closed interval of reals such that 0 ≤ x ≤ 1. We put (x 1 , y 1 ), (x 2 , y 2 ) ∈ Q if x 1 ≤ x 2 and χ [(x, y)] = (x, 0). Obviously, (A, Q, χ) forms a complete -quasiordered set, i.e., a complete q-lattice. We describe an M -closure operator on the set of natural numbers ω representing this q-lattice. In this case S (A) ∼ = 0, 1 and each cell has the cardinality 2 ℵ 0 . Hence, for each skeletal element (x, 0) there is a bijection ϕ (x,0) : C ell (x, 0) → P(O), where O is the set of all odd natural numbers. The complete lattice 0, 1 is isomorphic to a closure system on the set 0, 1 ∩ Q of rationals between 0 and 1. Indeed, the system D of lower Dedekind cuts { 0, x ∩ Q: x ∈ 0, 1 } represents such system. Consequently, there is a closure system on the set of all even natural numbers E, isomorphic to D. Denote by D : P(E) → P(E) the closure operator corresponding to such isomorphic closure system. We can define an M -operator C * on ω by C * (X) = D(X ∩ E) ∪ (X ∩ O) with M = E. According to Theorem 3.5, the set Fix(C * ) with M -restricted inclusion is isomorphic to the q-lattice A.
